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The stability problem of a stationary circular flow of an ideal fluid between two coaxial cylinders 
is considered. It is shown that Rayleigh's circulation criterion is necessary and sufficient for the total 
kinetic energy of an axisymmetric disturbance to be bounded in time. 

T h e f low in a n ideal f luid is desc r ibed by Euler ' s 
sys t em of e q u a t i o n s 

d iv v = 0 , 

1 1 
v + — V r 2 — v x cur l v = Vp , 

(1) 

(2) 

w h e r e t h e d o t is t h e p a r t i a l t ime der iva t ive a n d the 
o t h e r s y m b o l s h a v e the i r u s u a l m e a n i n g . If the vec tor 
field v a n d t he sca la r p a r e ax i symmet r i c , t h e n the 
gene ra l s o l u t i o n of (1) c a n be wr i t t en in the f o r m 

v = Vcp x \xp + Vy r V<p , (3) 

w h e r e r, <p, z a r e cy l indr ica l c o o r d i n a t e s . In r ep re sen t a -
t i on (3) t he s t r e a m f u n c t i o n ip a n d the t o r o i d a l veloci ty 
vv a r e a x i s y m m e t r i c sca lars , i.e. ip, vv(r, z, t). Represen -
t a t i o n (3) yields t he vor t i c i ty 

w = cur l » = (z l*^) V<p-(V<p) x V r v 9 , (4) 

w h e r e 

A - r — - — — 
* dr r dr dz2 

is t he S t o k e s o p e r a t o r . If t he p r e s su re p(r) is de te r -
m i n e d c o r r e s p o n d i n g l y , t h e n 

<A = 0 , vm=V(r) (5) 

is a s t a t i o n a r y s o l u t i o n of (1) a n d (2), w h e r e the prof i le 
f u n c t i o n V(r) c a n be c h o s e n a rb i t r a r i l y . Let us s u p p o s e 
t h a t V(r) a n d its de r iva t ive V'(r) a r e b o u n d e d : 

\V\ <C15 | V'\<C2 (6) 

Let vv = v(r, z, t) be t he d e v i a t i o n of V. T h e n the 
l i nea r i za t ion in a n d v yields fo r the ( ^ - componen t of 
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(2) a n d the ( ^ - componen t of t he cur l of (2), respect ively, 

<P dip 

dv 
A ^ - 2 V — = 0 , 

dz 

(7) 

(8) 

where 

d> = — (r2V2)' = 2 — ( V' + 

is the Rayle igh d i s c r i m i n a n t (see, fo r ins tance , [1]). 
E q u a t i o n s (7) a n d (8) a r e inves t iga ted fo r t he in te rva l s 

Rl<r<R2, 0 < z < L 

t oge the r wi th the b o u n d a r y c o n d i t i o n s 

il/(R1,z,t) = il/(R2,z,t) = 0, (9) 

ip, v pe r iod ic in z w i th p e r i o d L . (10) 

A prof i le V(r) is cal led s t ab le if fo r all admiss ib l e ini t ial 
c o n d i t i o n s 

.A (r, z, 0) = ip* (r, z), v (r, z, 0) = v* (r, z) 

(7 ) - (10) h a v e on ly s o l u t i o n s fo r wh ich t h e t o t a l k ine t ic 
ene rgy of the d i s t u r b a n c e s is b o u n d e d in t ime. O n t h e 
o t h e r h a n d , if t he re a r e admis s ib l e ini t ial c o n d i t i o n s 
such t h a t (7 ) - (10 ) h a v e s o l u t i o n s w h o s e t o t a l k ine t ic 
energy is u n b o u n d e d in t ime, t h e n we call t he prof i le 
V(r) uns t ab l e . 

Let us first c o n s i d e r t he case w h e r e 0 is posi t ive . W e 
t h e n h a v e 

0 < C , < <Z> < Ca (11) 

In th is case t he c i r cu l a t i on of t he s t a t i o n a r y f low in-
creases o u t w a r d l y . I t t h e n fo l lows f r o m c o n d i t i o n s (6) 
t h a t V c a n n o t v a n i s h : 

\V\>C5. 
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Let us n o w mul t ip ly (7) by 4 V2v/{r2<P), (8) by - i J / / r 2 , 
a n d i n t eg ra t e over space . A d d i n g t he resul ts l eads to 

v2 + v2 + 
4 V2 

r2 <P 
= 0 , (12) 

whe re 
1 6iJ/ 

v ' = ~ T~> r o z 

1 SiA 
vz = - - — 

r or 

a n d R2 L 

< . . . ) = 27t J j . . . r d r d z 
Ri 0 

is the v o l u m e in tegra l . E q u a t i o n (12) can be in t eg ra t ed 
in t ime t o give a n in teg ra l of m o t i o n wh ich h a s a lower 
b o u n d 

C6=(V2+V2 + 
4 V : 

>(v2+V2+c7 v2
vy, 

where C 7 is the m i n i m u m of 4 F 2 / ( r 2 $ ) . Th i s s h o w s 
t h a t in t he case of pos i t ive $ the t o t a l k ine t ic ene rgy 
of the d i s t u r b a n c e is b o u n d e d in t ime. 

In o r d e r to s h o w ins tabi l i ty , v is e l imina ted f r o m (7) 
a n d (8) t o give 

r 02>A 
oz 

(13) 

A n a l o g o u s l y to t he s tabi l i ty p r o b l e m of the a t m o -
sphe re [2] a n d to ideal m a g n e t o h y d r o d y n a m i c s [3], the 
th ree f u n c t i o n a l s 

K(>A) = -}w<M*<A 

l / l 
m = - y w > M * < A 

1 / <p < v Y 
dz ) 

are def ined . F o r the b o u n d a r y c o n d i t i o n s (9), (10) b o t h 
d i f ferent ia l o p e r a t o r s in (13) a r e symmet r i c , a n d K a n d 
/ a re pos i t ive defini te . W is pos i t ive semi-def in i te if the 
f u n c t i o n <P is posi t ive . S u p p o s e n o w t h a t t he re is a n 
in te rva l r ^ < r < r 2 , w h e r e <P is nega t i ve : 

(p < 0 for rl<r<r2. (14) 

T h e n 
w(r, z) = U (r) sin 

2n z 

is a n admiss ib le test f u n c t i o n w i th IF(w) < 0 if U(r) =t= 0 
in the in te rva l r1<r<r2 a n d U (r) = 0 o u t s i d e the 
in terva l (" local izat ion") . M u l t i p l i c a t i o n of (13) by t[/ /r2 

a n d i l / /r 2 a n d spa t ia l i n t e g r a t i o n yields, respect ively , 
the t w o f u n c t i o n a l e q u a t i o n s 

k (<a) + ww) = c8, m = 2 [k m - w m • 
It is n o w poss ib le to c h o o s e t he ini t ial c o n d i t i o n s 

i f / ( r , z, 0) = w(r, z), ij/(r, z, 0) = y w(r , z) 

wi th 

y2 = 
W(w) >o. 

We then get C 8 = 0, a n d it c a n be s h o w n [3] t h a t the 
e s t ima te 

/ 0 A ( f ) ) > / ( w ) e 2 y l 

is valid. Th is m e a n s t h a t the p o l o i d a l p a r t of the t o t a l 
k ine t ic ene rgy g r o w s e x p o n e n t i a l l y in t ime b e c a u s e 

i ^ ) = \<v2+v2y. 

Final ly , it r e m a i n s to d iscuss the case t h a t t he r e is a n 
in terval whe re <P van ishes ident ica l ly , whi le it is n o n -
nega t ive ou t s ide this in terval . I n th is case the re a r e 
so lu t ions of the f o r m 

t/f = iJ/(r,z)t, v = v(r,z), 

which are local ized to the in te rva l w h e r e <Z> = 0 a n d 
are c o n n e c t e d by 

dv 
A i ^ — 2 F — = 0 . 

oz 

Th i s is poss ib le if the z - ave rage of van ishes . So, in 
this case the to t a l k ine t ic ene rgy a l so increases u n -
b o u n d e d l y in t ime. Th i s increase , h o w e v e r , is on ly 
a lgebraic . 
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